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TWISTED BURNSIDE–FROBENIUS THEOREM AND
R∞-PROPERTY FOR LAMPLIGHTER-TYPE GROUPS
MIKHAIL I. FRAIMAN
Abstract. We prove that the restricted wreath product Zn wr Zk has the
R∞-property, i. e. every its automorphism ϕ has infinite Reidemeister
number R(ϕ), in exactly two cases: (1) for any k and even n; (2) for odd
k and n divisible by 3.
In the remaining cases there are automorphisms with finite Reidemeister
number, for which we prove the finite-dimensional twisted Burnside–Frobenius
theorem (TBFTf ): R(ϕ) is equal to the number of equivalence classes of
finite-dimensional irreducible unitary representations fixed by the action
[ρ] 7→ [ρ ◦ ϕ].
Keywords: Reidemeister number, twisted conjugacy class, Burnside–
Frobenius theorem, wreath product.
1. Introduction
Let ϕ be an automorphism of a group G. Two elements g1, g2 ∈ G are said to
be ϕ-twisted conjugate if there exists h ∈ G, such that g1 = hg2ϕ(h
−1). It is well-
know that this relation is an equivalence relation. The ϕ-class of an element g is
denoted by {g}ϕ and is called the Reidemeister class of the element g. The number
of such classes is called the Reidemeister number of automorphism ϕ and is denoted
by R(ϕ). A group is said to have R∞-property if every its automorphism has infinite
Reidemeister number.
The study of Reidemeister classes is motivated by the study of Nielsen classes,
which play an important role in topological fixed point theory. For a finite cell
complex X and a continuous map f : X → X the number N(f) of f -Nielsen classes
is a homotopy invariant, but is difficult for calculation. In some cases, however, this
number coincides with the Reidemeister number R(ϕ), where ϕ = f# ∈ Autπ1(X).
This transforms the topological problem into an algebraic one, namely, studying of
the structure of Reidemeister classes. A study of algorithm of determining whether
two points have the same Reidemeister class was conducted in [1] for finitely
generated free groups.
Another important problem is the study of R∞-property for groups. Recent
results in this field can be found, in particular, in [5, 11, 2, 10, 3, 9]. In [12] it was
shown that Zp wr Z
k has the R∞-property for prime p in exactly two cases: p = 2
and p = 3, k = 2d+ 1 for some natural d.
Paper Structure. Section 2 serves as a brief overview of some general facts
related to Reidemeister classes. Also, the form of automorphisms of a wreath
product is discussed. Then, we introduce three main results of the paper: in Section 3
we prove Theorem 3.2, which implies R∞-property for the groups Z2n wr Z
k and
Z3n wr Z
2k+1; in Section 4 we prove Theorem 4.3, which has two applications —
combined with Propositions 4.5 and 4.6 it implies lack of R∞ for all the remaining
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groups among Zn wr Z
k, and combined with Proposition 5.1 implies TBFTf for
automorphisms with finite Reidemeister number (Theorem 5.2).
Acknowledgements. The author is thankful to E. V. Troitsky for suggesting
the problem and for useful advices related to the research.
The work was supported by the Foundation for the Advancement of Theoretical
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2. Preliminaries
2.1. General theory. We begin with an overview of general facts, related to the
Reidemeister classes and wreath products.
Proposition 2.1 (see [7]). For an abelian group the ϕ-twisted conjugacy class of
the unit element is a subgroup and other classes are the corresponding cosets.
Remark. In case of abelian group the ϕ-class of the unit element coincides with
Im(1 − ϕ) and the index of this subgroup equals R(ϕ).
Proposition 2.2 (see [12]). Let τg be the inner automorphism of a group G, i. e.
τg(h) = ghg
−1. Then the right shift action by the element g maps Reidemeister
classes of ϕ onto Reidemeister classes of τg−1 ◦ϕ. In particular, R(ϕ) = R(τg ◦ ϕ).
The following proposition can be found in [12] and will be very useful in the
future:
Proposition 2.3. Let G be a group and ϕ be its automorphism. Let H be a ϕ-
invariant normal subgroup. Denote by C(ϕ) the fixed-point subgroup, by ϕ′ the
restriction of ϕ on H, by ϕ the quotient automorphism of G/H. The following
statements hold true:
(1) projection p : G→ G/H induces epimorphism of each Reidemeister class of
ϕ onto some Reidemeister class of ϕ, in particular, R(ϕ) ≤ R(ϕ);
(2) R(ϕ′) ≤ R(ϕ) · |C(ϕ)|; (see [8]).
(3) if G/H is a finitely generated residually finite group, then R(ϕ) <∞ holds
if and only if R(ϕ) <∞ and R(τg ◦ ϕ
′) <∞ for all g ∈ G (see [6]).
Now we introduce the definition of restricted wreath product.
Definition 2.1. The restricted wreath product of groups G and H is defined in the
following way:
G wrH :=
⊕
x∈H
(G)x ⋊α H, where α(h)(G)x = (G)hx.
Note, that usage of the direct sum notation means that only finite sums of elements
of G are allowed. The same notion with the direct product instead of the direct
sum is known as unrestricted wreath product.
We consider the case of
Γn = Zn wr Z
k =
⊕
x∈Zk
(Zn)x ⋊α Z
k
Here the subgroup Σn :=
⊕
(Zn)x is completely invariant as the torsion subgroup.
Hence, every automorphism ϕ of Γ can be restricted on Σ: ϕ′ = ϕ
∣∣
Σ
, and the
quotient automorphism ϕ : Zk → Zk can be defined.
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2.2. Explicit form of automorphisms of Zn wr Z
k. The statements of this
section should be well-known for specialists, though the author did not manage to
find an appropriate reference, so a short presentation with proofs will be given.
Let G be an inner semidirect product of its characteristic subgroup N and
subgroup H , i. e. G = NH and G ∩H = {e}. It is well-known that each element
g ∈ G decomposes uniquely into product g = nh with n ∈ N and h ∈ H .
For such G and its automorphism ϕ one can define a quotient automorphism
ϕ : H → H in the following way. First, define the projection p : G→ G/N ∼= H.
Now put ϕ(h) := p ◦ ϕ(h).
Definition 2.2. A mapping ψ from a group H to a group N is called a crossed
homomorphism, if there exists an action β : H → AutN of H on N , satisfying
(1) ∀h, h′ ∈ H ψ(hh′) = ψ(h)
(
β(h)
(
ψ(h′)
))
.
Remark. Note that the mapping ψ : H → {e} ⊂ N is a crossed homomorphism,
regardless of H and N . Indeed, one can put β(h)(n) = n for all h ∈ H and n ∈ N .
Proposition 2.4. Let ϕ be an automorphism of G, then for g = nh
(2) ϕ(g) = ϕ′(n)ϕ˜(h)ϕ(h),
where ϕ′ is the restriction of ϕ onto N , ϕ is the quotient automorphism, and
ϕ˜ : H → N is some crossed homomorphism, satisfying (1) with the action
(3) β(h)(n) := ϕ(h)n
(
ϕ(h)
)−1
.
Proof. It is clear that ϕ(n) = ϕ′(n). Let ϕ(h) = n˜h˜ for some n˜ ∈ N and h˜ ∈ H . Note
that, on one hand, p ◦ ϕ(h) = p(n˜h˜) = h˜. On the other hand, p ◦ ϕ(h) = ϕ(h) =: h,
so, h˜ = h.
Define ϕ˜(h) := n˜. For h, h′ ∈ H,
ϕ(hh′) = ϕ˜(hh′)ϕ(hh′) = ϕ˜(hh′)ϕ(h)ϕ(h′).
Also,
ϕ(hh′) = ϕ(h)ϕ(h′) = ϕ˜(h)ϕ(h)ϕ˜(h′)ϕ(h′).
Thus,
ϕ˜(hh′)ϕ(h) = ϕ˜(h)ϕ(h)ϕ˜(h′) =⇒ ϕ˜(hh′) = ϕ˜(h)β(h)
(
ϕ˜(h′)
)
,
where the action β is defined by
β(k)(m) = α
(
ϕ(k)
)
(m) = ϕ(k)(m)
(
ϕ(k)
)−1
, k ∈ H,m ∈ N.

Note that for an automorphism ϕ the corresponding crossed homomorphism
is unique. Indeed, if ϕ(nh) = ϕ′(n)ϕ˜(h)ϕ(h) = ϕ′(n)φ˜(h)ϕ(h) for all n and h,
then φ˜ = ϕ˜, since ϕ˜(h) = φ˜(h) = ϕ(h)
(
ϕ(h)
)−1
. Conversely, every automorphism
ϕ is completely described by its restriction, the quotient automorphism and the
corresponding crossed homomorphism, since if ϕ′ = φ′, ϕ = φ and ϕ˜ = φ˜, then due
to the formula (2) ϕ = φ.
Corollary 2.5. In our case of N = Σ and H = Zk, applying (2), one gets for
σ ∈ Σ, z ∈ Zk
(4) ϕ
(
(σ, z)
)
=
(
ϕ′(σ) + ϕ˜(z), ϕ(z)
)
.
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Proposition 2.6. Let Φ′ ∈ AutΣ, Φ ∈ AutZk be given, as well as some crossed
homomorphism Φ˜ : Zk → Σ. An automorphism ϕ of Γ = Σ⋊α Z
k with the corres-
ponding ϕ′ = Φ′, ϕ = Φ, ϕ˜ = Φ˜ exists, if and only if
∀σ ∈ Σ ∀z ∈ Z Φ′(α(z)(σ)) = α(Φ(z))(Φ′(σ)),(5)
∀z1, z2 ∈ Z
k Φ˜(z1 + z2) = Φ˜(z1) + α
(
Φ(z1)
)(
Φ˜(z2)
)
.(6)
Moreover, if it exists, then it satisfies (4).
Proof. Define ϕ using the formula ϕ
(
σ, z
)
=
(
Φ′(σ) + Φ˜(z),Φ(z)
)
. It is clear that
in this case ϕ′ = Φ′, ϕ = Φ, ϕ˜ = Φ˜.
Let σ1, σ2 ∈ Σ, z1, z2 ∈ Z
k, then
(7) ϕ
(
(σ1, z1) · (σ2, z2)
)
= ϕ
(
(σ1 + α(z1)(σ2), z1 + z2)
)
=
=
(
Φ′(σ1) + Φ
′
(
α(z1)(σ2)
)
+Φ˜(z1 + z2),Φ(z1 + z2)
)
,
as well as
(8) ϕ
(
(σ1, z1)
)
· ϕ
(
(σ2, z2)
)
=
(
Φ′(σ1) + Φ˜(z1),Φ(z1)
)
·
(
Φ′(σ2) + Φ˜(z2),Φ(z2)
)
=
=
(
Φ′(σ1) + α
(
Φ(z1)
)(
Φ′(σ2)
)
+ Φ˜(z1) + α
(
Φ(z1)
)(
Φ˜(z2)
)
,Φ(z1) + Φ(z2)
)
.
Note that Φ(z1 + z2) = Φ(z1) + Φ(z2). The mapping ϕ is a homomorphism, if and
only if the RHS of (7) equals the RHS of (8), or
(9) Φ′(σ1) + Φ
′
(
α(z1)(σ2)
)
+Φ˜(z1 + z2) =
= Φ′(σ1) + α
(
Φ(z1)
)(
Φ′(σ2)
)
+ Φ˜(z1) + α
(
Φ(z1)
)(
Φ˜(z2)
)
.
Putting σ2 = 0 yields
Φ˜(z1 + z2) = Φ˜(z1) + α
(
Φ(z1)
)(
Φ˜(z2)
)
,
which coincides with (6). Combining it with (9) yields
Φ′
(
α(z1)(σ2)
)
= α
(
Φ(z1)
)(
Φ′(σ2)
)
,
which is, essentially, (5).
Now we shall verify that ϕ is monomorphic. If ϕ(σ, z) =
(
Φ′(σ) + Φ˜(z),Φ(z)
)
=
(0, 0), then Φ(z) = 0, so z = 0, since Φ is monomorphic. Therefore Φ˜(z) = 0, so
Φ′(σ) = 0, thus σ = 0, since Φ′ is monomorphic.
To complete the proof we show that ϕ is an epimorphism. For an arbitrary σ ∈ Σ
and z ∈ Zk we construct such σ0 ∈ Σ and z0 ∈ Z
k that ϕ(σ0, z0) = (σ, z). Since Φ
is epimorphic, there exists such z0 that Φ(z0) = z. Since Φ
′ is epimorphic, there
exists such σ0 that Φ
′(σ0) = σ − Φ˜(z0). Observe that
ϕ(σ0, z0) =
(
Φ′(σ0) + Φ˜(z0),Φ(z0)
)
=
(
σ − Φ˜(z0) + Φ˜(z0), z
)
= (σ, z),
so the element (σ0, z0) is the desired one. 
Remark. Note, that if Φ and Φ′ satisfy (5), then there exists ϕ with ϕ′ = Φ′, ϕ = Φ
and ϕ˜ ≡ 0.
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3. Projection Theorem
Let s, n, and k be positive integers. Define groups G and Γ as Zn wr Z
k and
Zsn wr Z
k respectively. By Ω and Σ we denote their respective torsion subgroups.
Now we define a projection Π from Γ onto G. For x ∈ Zk denote by ∆x and
δx generators of groups (Zsn)x and (Zn)x respectively. First, define the projection
π : Σ→ Ω in the following way:
(10) π (k1∆x1 + · · ·+ kl∆xl) = (k1 mod n)δx1 + · · ·+ (kl mod n)δxl ,
where k1, . . . , kl ∈ Zsn, x1, . . . , xl ∈ Z
k. The projection Π can now be defined as
Π(σ, z) = (π(σ), z),
where σ ∈ Σ, z ∈ Zk. Observe that Π is a homomorphism, since
Π
(( l∑
i=1
ki∆xi , z
)
·
( r∑
j=1
mj∆yj , w
))
= Π
(( l∑
i=1
ki∆xi+
r∑
j=1
mj∆yj+z, z+w
))
=
( l∑
i=1
(ki mod n)δxi +
r∑
j=1
(mj mod n)δyj+z, z + w
)
=
( l∑
i=1
(ki mod n)δxi , z
)
·
( r∑
j=1
(mj mod n)δyj , w
)
=
Π
(( l∑
i=1
ki∆xi , z
))
·
(( r∑
j=1
mj∆yj , w
))
.
Lemma 3.1. The subgroup kerΠ is completely invariant in Γ.
Proof. Let π(σ) = 0 ∈ Ω, where σ =
∑
ki∆xi . Considering (10), one can observe
that all coefficients ki are divisible by n. Hence, σ = n · σ˜ for some σ˜ ∈ Σ. If χ is
an endomorphism of Σ, then
π ◦ χ(σ) = π ◦ χ(n · σ˜) = π(n · χ(σ˜)) = 0,
so kerπ is a completely invariant subgroup of Σ, which is completely invariant in Γ,
thus kerΠ is completely invariant in Γ. 
Now we can state the main result of this section.
Theorem 3.2. Let ϕ be an automorphism of Γ. Then there exists such an
automorphism ψ of G, that the following diagrams commute.
(11)
Γ
ϕ
−−−−→ Γ
Π
y yΠ
G
ψ
−−−−→ G
Σ
ϕ′
−−−−→ Σ
pi
y ypi
Ω
ψ′
−−−−→ Ω
Z
k ϕ−−−−→ Zk
Id
y yId
Z
k ψ−−−−→ Zk
Moreover, R(ϕ) ≥ R(ψ).
Proof. Let g be an element of G. Define ψ(g) in the following way: let γ ∈ Γ
satisfy Π(γ) = g; put ψ(g) = Π ◦ ϕ(γ). This way ψ is well defined, since kerΠ is
characteristic.
By Proposition 2.3 (1), R(ϕ) ≥ R(ψ). 
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Corollary 3.3. The groups Z2n wr Z
k and Z3n wr Z
2k+1 have the R∞-property.
Proof. In [12] it was shown that the groups Z2 wr Z
k and Z3 wr Z
2k+1 have the
R∞-property. Now apply Theorem 3.2. 
4. Groups without R∞-property
In [12] the following two results were proved.
Proposition 4.1. If an automorphism ϕ of the group Zp wr Z
k for prime p has
finite Reidemeister number, then R(ϕ) <∞ and R(τγ ◦ ϕ
′) = 1 for all γ ∈ Γ.
Proposition 4.2. If an automorphism ϕ of the group Zp wr Z
k for prime p satisfies
R(ϕ′) = 1, then R(τγ ◦ ϕ
′) = 1 for all γ ∈ Γ.
Now we generalize these results.
Theorem 4.3. Suppose n,m, k are positive integers and ϕ is an automorphism of
Znm wr Z
k, such that the automorphisms ϕn and ϕm, defined by the commutative
diagrams
(12)
Znm wr Z
k ϕ−−−−→ Znm wr Z
k
Πn
y yΠn
Zn wr Z
k ϕn−−−−→ Zn wr Z
k
Znm wr Z
k ϕ−−−−→ Znm wr Z
k
Πm
y yΠm
Zm wr Z
k ϕm−−−−→ Zm wr Z
k
,
satisfy R(ϕ′n) = R(ϕ
′
m) = 1. Then R(ϕ
′) = 1.
Remark. In the case of n = m = p, where p is prime, this theorem, combined
with Theorem 3.2, implies that R(ϕ′) = 1, if and only if R(ϕ′p) = 1, where ϕ is
an automorphism of AutZps wr Z
k and Πp ◦ ϕ = ϕp ◦Πp.
Proof. Note that the condition R(ϕ′) = 1 is equivalent to the condition of
χ = 1− ϕ′ to be an epimorphism. Denote by χn and χm the epimorphisms 1− ϕ
′
n
and 1− ϕ′m respectively. As before, Σn and Σm denote the torsion subgroups of
Zn wr Z
k and Zm wr Z
k, while Σ is the torsion subgroup of Γ.
Consider the non-homomorphic embedding ιn : Σn →֒ Σ, induced by the embed-
ding Zn ∼= {1, . . . , n}
Id
→֒ {1, . . . , sn} ∼= Zsn, and, in the same manner, ιm : Σm →֒ Σ.
Note, that πn ◦ ιn = Id and πm ◦ ιm = Id.
To prove that χ is an epimorphism, we show that for an arbitrary z ∈ Z there
exists σ ∈ Σ, such that χ(σ) = ∆z (∆z is the generator of (Znm)z).
Let η1 ∈ Σn satisfy χn(η1) = ∆z , then χ ◦ ιn(η1) = ∆z + n · θ for some θ ∈ Σ.
Indeed, πn ◦ χ ◦ ιn(η1) = χn ◦ πn ◦ ιn(η1) = χn(η1) = ∆z. Now consider η2 ∈ Σm,
such that χm(η2) = πm(θ). In this case χ ◦ ιm(η2) = θ +mκ for some κ ∈ Σ.
Observe that
χ
(
ιn(η1)− n · ιm(η2)
)
= ∆z + nθ − n(θ +mκ) = ∆z + nθ − nθ + nmκ = ∆z.
Put σ = ιn(η1)− n · ιm(η2). 
Corollary 4.4. If for an automorphism ϕ of Γ = Zps1
1
...p
sn
N
wr Zk it holds true that
R(ϕ′) = 1, then R(τγ ◦ ϕ
′) = 1 for all γ ∈ Γ.
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Proof. If R(ϕ′) = 1, then R(ϕ′pi) = 1 for all i, since if 1− ϕ
′ is an epimorphism,
then so is 1− ϕ′pi , since πpi is an epimorphism and (1− ϕ
′
pi
) ◦ πpi = π ◦ (1− φ
′).
Proposition 4.2 implies that R
(
τΠ(γ) ◦ ϕ
′
pi
)
= 1 for all γ ∈ Γ. If πpi ◦ ϕ
′ = ϕ′pi ◦Πpi ,
then πpi ◦ τγ ◦ ϕ
′ = τΠpi (γ) ◦ ϕ
′
pi
◦Πpi . Thus, by Theorem 4.3, R(τγ ◦ ϕ
′) equals one
for all γ ∈ Γ. 
Note, that for ϕ ∈ AutZps1
1
...p
sn
N
wr Zk the number R(ϕ′) is either equal to one,
or infinite. Indeed, if it is finite, then, by Theorem 3.2, all R(ϕpi) are finite, so, by
Proposition 4.1 all R(ϕ′pi) equal one, thus, by Theorem 4.3, R(ϕ
′) = 1.
Corollary 3.3 shows that the groups Z2n wr Z
k and Z3n wr Z
2k+1 have the R∞-
property, due to the fact that, for the former, the number R(ϕ2) is always infinite
and for the latter, the number R(ϕ3) is always infinite. It should be noted, that the
fact that all of Zpi wr Z
k admit automorphisms with finite Reidemeister does not
automatically imply that Zps1
1
...p
sn
N
wr Zk does. However, Propositions 4.5 and 4.6
show, that this implication holds true and is somewhat converse to Corollary 3.3.
Due to Proposition 2.3, to prove that the group Zps1
1
...p
sn
N
wr Zk admits an
automorphism ϕ with finite Reidemeister number it is sufficient to verify that there
exists ϕ with R(ϕ′) = 1 and R(φ) <∞, where the first condition is equivalent to
R(ϕpsi
i
) = 1 for all i.
Proposition 4.5. The group Zps1
1
...p
sn
N
wr Zk, where all pi > 3, admits an auto-
morphism with finite Reidemeister number.
Proof. Take the automorphism ϕ, defined by (4) with
ϕ′(∆z) = 2∆−z, ϕ = − Id, ϕ˜ = 0.
Note, that Proposition 2.6 provides its existence. For every i the automorphism ϕpi
satisfies
ϕ′pi(δz) = 2δ−z, ϕpi = − Id, ϕ˜pi = 0.
Note that R(ϕ) = 2k <∞ and in [12] it was shown that 1− ϕpi is an epimorphism,
so apply Theorem 4.3 to complete the proof. 
Proposition 4.6. The group Zps1
1
...p
sn
N
wr Z2k, where all pi > 2, admits an auto-
morphism with finite Reidemeister number.
Proof. Take the automorphism ϕ, defined by (4) with
ϕ′(∆z) = m∆ϕ(z), ϕ˜ = 0, ϕ,
where ϕ has the matrix M in standard basis in Z2k, where
M =M ⊕ · · · ⊕M︸ ︷︷ ︸
k
, M =
(
0 1
−1 −1
)
.
The value ofm will be chosen later. Note, that Proposition 2.6 provides the existence
of ϕ regardless of m. Observe that M3 = E. For pi 6= 7 consider
ϕ′pisi (δz) = 2δMz.
It is easy to verify that for z ∈ Zk(
1− ϕ′pisi
)(
−
δz + 2δMz + 4δM2z
7
)
= δz,
so, 1− ϕ′pisi is an epimorphism. If pi 6= 7 for all i, put m = 2.
8 MIKHAIL I. FRAIMAN
If pi∗ = 7 put
ϕ′
7
si∗ (δz) = 3δMz,
then (
1− ϕ′
7
si∗
)(
−
δz + 2δMz + 4δM2z
26
)
= δz.
Now m can be chosen as a solution of the system{
m ≡ 3 (mod 7
si∗ ),
m ≡ 2 (mod pi
si), for i 6= i∗.
The solution exists due to the Chinese remainder theorem.
Observe that for suchm holds ϕ′
p
si
i
(δz) = 2δϕ(z) for i 6= i
∗ and ϕ′
7
si∗
(δz) = 3δϕ(z),
since ϕ′(∆z) = m∆ϕ(z) and Π ◦ ϕ
′ = ϕ′pisi ◦Πpsii
. 
5. TBFTf in cases of finite R(ϕ)
For a groupG one can define the unitary dual Ĝ, i. e. the set of equivalence classes
of unitary irreducible representations of G. We, however, are going to consider
only Ĝf ⊂ Ĝ, which is the subset of all finite-dimensionals representations. Each
automorphism ϕ of G induces a map ϕ̂ : Ĝf → Ĝf , ϕ̂(ρ) = ρ ◦ ϕ.
Proposition 5.1. Let ϕ be an automorphism of Γ = Zn wr Z
k with R(ϕ) <∞
and R(τγ ◦ ϕ
′) = 1 for all γ ∈ Γ. Then the TBFTf holds for ϕ, namely
R(ϕ) = #Fix(ϕ̂).
Proof. First, note that R(ϕ) ≥ #Fix(ϕ̂). A proof can be found in [8].
To prove the inverse inequality, consider the projection P : Zn wr Z
k → Zk. Since
R(ϕ′) = 1, only one ϕ-class is mapped onto the ϕ-class of the unit element. And,
since R(τγ ◦ ϕ
′) = 1 for all γ ∈ Γ, for each ϕ-class in Zk only one ϕ-class is mapped
onto it, so P induces a bijection of Reidemeister classes of ϕ and Reidemeister
classes of ϕ, i. e. R(ϕ) = R(ϕ).
Since TBFTf holds for finitely-generated abelian groups (see [4]), R(ϕ) =
R(ϕ) = #Fix(ϕ̂). Note that #Fix(ϕ̂) ≤ #Fix(ϕ̂), for if ρ is a ϕ̂-fixed representation,
then ρ ◦ p is a ϕ̂-fixed representation, and if ρ1 and ρ2 are not equivalent, then ρ1 ◦ p
and ρ2 ◦ p are not equivalent as well, which follows from he surjectivity of P . 
Theorem 5.2. For every positive integer k the finite-dimensional twisted
Burnside–Frobenius theorem holds for the groups Z3n wr Z
2k, gcd(n, 2) = 1 and
Zn wr Z
k, gcd(n, 6) = 1, i. e. in all cases, where R(ϕ) can be finite.
Proof. Apply Propositions 4.5, 4.6, and 5.1. 
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